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INTRODUCTION 

c 

5 

"Squeeze- f i lm" a c t i o n  desc r ibes  the viscous flow process  by which the  p re s su re  i n  

a l i q u i d  bear ing f i lm  inc reases  above ambient when t h e  bear ing  gap i s  c l o s i n g  down 

and decreases  below ambient when the  bear ing gap i s  opening up. I n  the  case  of 

a gaseous f i l m  i n  a n  o s c i l l a t i n g  gap, a s i d e  from the  corresponding o s c i l l a t i o n  i n  

the  f i l m  p res su re ,  i t s  temporal average a l s o  becomes e l eva ted  above t h e  ambient 

by a n  amount which inc reases  with the  frequency and magnitude of o s c i l l a t i o n .  

This  l a t t e r  phenomenon can be used t o  support  a bear ing  load and i s  the  s u b j e c t  

of the  p re sen t  paper .  

Severa l  s t u d i e s  on gaseous squeeze-film bear ings  have been made, (Refs.  1, 2 and 

3 ) ;  they  concern simple bear ing  shapes wi th  c e r t a i n  p re sc r ibed  mode of gap o s c i l -  

l a t i o n .  More complicated bear ing  shapes,  e . g . ,  aon ica l  and s p h e r i c a l  bear ings ,  

are a l s o  of i n t e r e s t .  The mode of gap o s c i l l a t i o n  l i k e l y  v a r i e s  from one s i t u a t i o n  

t o  ano the r .  It i s  use fu l  t o  have a method of a n a l y s i s  which i s  a p p l i c a b l e  t o  

a r b i t r a r y  bear ing  shape and a r b i t r a r y  mode of gap o s c i l l a t i o n .  

The t i m e  dependent gas l u b r i c a t i o n  equat ion  i s  of the  d i f f u s i o n  type and can be 

solved by s tandard  techniques app l i cab le  t o  i n i t i a l  va lue  problems. I n  the  case  

of a gaseous squeeze-fi lm bear ings ,  t h e  "s teady-s ta te"  s o l u t i o n  i s  of primary 

i n t e r e s t .  Because the  o s c i l l a t i o n  frequency i s  very  h igh ,  the  t r a n s i e n t  per iod  

would encompass many cyc le s  of o s c i l l a t i o n .  

wi th  the  i n i t i a l  va lue  problem approach, t he  requi red  computation would be r a t h e r  

lengthy  due t o  the  t r a n s i e n t  pe r iod .  A l t e r n a t e l y ,  i n  seeking the  "s teady-s td te"  

s o l u t i o n ,  one can use a n  asymptot ic  a n a l y s i s  t o  take advantage of the  c o n d i t i o n  

t h a t  t he  frequency i s  ve ry  h igh .  

been demonstrated i n  References 2 and 3 f o r  s p e c i a l  ca ses ;  t h i s  paper w i l l  d e a l  

wi th  the  gene ra l  asymptot ic  t reatment  of  gaseous squeeze-fi lm bear ings .  

Thus, i f  one treats the  a n a l y s i s  

E f fec t iveness  of  t he  l a t t e r  approach has  a l r e a d y  



REVIEW OF BACKGROUND 

According t o  the theory  of hydrodynamic l u b r i c a t i o n  the  f l u i d  f i l m  pressure  sa t i s -  

f i e s  Reynolds' equa t ion ,  which can be w r i t t e n  i n  t h e  vec to r  form as fol lows (Ref. 

4) - 

T i s  the  v e c t o r  sum of the  abso lu te  s l i d i n g  v e l o c i t i e s  of  t h e  bear ing  su r faces .  

3 

12P 
d i v  { - grad p + &7+ 2 a a t  (ph) = 0 

Typ ica l ly ,  t he  boundary cond i t ion  r equ i r e s  the  p re s su re  t o  becane ambient a t  t h e  

p e r i p h e r i e s .  With gaseous l u b r i c a n t  and m e t a l l i c  bear ing  mater ia ls ,  t he  f l u i d  f i l m  

i s  e s s e n t i a l l y  i so the rma l ; thus , fo r  most gases ,  v i s c o s i t y  can be regarded as a con- 

s t a n t  and d e n s i t y  can be rep laced  by pressure i n  Reynolds' equa t ion .  

This  equa t ion  can  be rendered dimensionless by normalizing v a r i o u s  v a r i a b l e s  wi th  

appropr i a t e  r e fe rence  q u a n t i t i e s ,  which are : 

Variable  

F l u i d  Fi lm Pressure  P 

F l u i d  Fi lm Thickness h 

Time t 

Surface D i f f e r e n t i a l  d i v ,  grad 
Opera t o r s  - 
Ve 1 o c i t y V 

Reference Q u a n t i t y  

Pa Ambient Pressure  

Mean Bearing Gap C 

Time Constant  1 / v  

Reciprocal of 1 /R 
T y p i c a l  Dimension 

CUR 

Norma 1 i zed  Variable  

p = PIPa 

H = h/C 

T = V t  

Div = R d i v  
Grad = R grad 

u - -  V 
- C U R  
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I 

. The normalized equat ion  i s  
r 

(PH) = 0 a 
Div { - PH3 GradP + 

I A =  compress ib i l i t y  number 

o = squeeze number 

Consider now, t h a t  the  bear ing  surface can be descr ibed  i n  terms of or thogonal  

c u r v i l i n e a r  coord ina tes  0 and p as shown i n  F ig .  1. The p e r i p h e r i e s  of t he  

bear ing  f i lm  are a t  5 and a Let g, and g 

of  the two coord ina te s ,  then  Eq. ( 2 )  can be r e w r i t t e n  as (Ref. 5 ) :  

be r e s p e c t i v e l y  the  l i n e a r  measures 
2’ B 

a + ux (PH) = 0 



c 
4 

I . .  . 
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Fig.  1 Schematic of Arbitrary Bearing Surface 
Described in  Curvilinear Coordinates 
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- *  For t y p i c a l  squeeze f i l m  bear ings ,  one o f  t h e  bear ing  su r faces  undergoes a h igh  
* f requency o s c i l l a t i o n ,  so  t h a t  the  squeeze number i s  v e r y  l a r g e  ( o f t e n  > 10 3 ). 

Thus, provided t h a t  A i s  f i n i t e ,  g, and gB a r e  we i i  behaved func t ions ,  and t h a t  

ap and - are bounded, then  i t  i s  o f  i n t e r e s t  t o  cons ider  t he  asymptot ic  s o l u t i o n  aP 
aa a B  

l im PH = Jr, (a,p). ( 4  1 
LT- 

This  asymptot ic  s o l u t i o n ,  however, i s  n o t  uniformly v a l i d b e c a u s e  it i s  unable 

t o  s a t i s f y  the  boundary condi t ions :  

~ 

Aside from the  f a c t  t h a t  edge co r rec t ions  are needed, which would l i n k  the  

asymptot ic  s o l u t i o n  and the  t r u e  boundary cond i t ions ;  formulat ion of the  

asymptot ic  a n a l y s i s  f u r t h e r  r e q u i r e s  the genera t ion  of t h e  governing equat ion  

f o r  t he  asymptot ic  s o l u t i o n  and its own boundary cond i t ions .  

t 

1, 



___ ~ 
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r .  GOVERNING EQUATION FOR THE ASYMPTOTIC SOLUTION 
I 

Consider the periodic problem, such that 

Defining, 

PH = $ ,  

then, 

In terms of J r ,  Eq. ( 3 )  can be rewritten as 

+ a  k 0  aT (10) 

Integrate Eq. (10) with respect to T for one f u l l  period and make use of Eq. ( 9 ) :  

c 8 



c 

Using the asymptotic approximation for J r ,  then one gets  

where 
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Equation (12)  i s  the governing equation for I#, . Assuming that the problem i s  the I 

Dirichlet  type, then the appropriate boundary conditions 

1 JI, ( a 1 4  = F1(B) 

*, ( a 2 4  = F2(B) 

The exact forms for F and F2 remain t o  be determined. 1 

I 
ought to be I 
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EDGE CORRECTIONS 

t’ 

Because t h e  exac t  boundary cond i t ions ,  Eq. (5), can  not  be s a t i s f i e d  by 

edge c o r r e c t i o n  i s  requ i r ed  t o  cons t ruc t  a uniformly v a l i d  so lu t ion .  

qm,  an  

when u i s  v e r y  l a r g e ,  must be neg l ig ib ly  small everywhere except  i n  the  edge 

r eg ions  near  t he  boundaries 5 and a2. 

t r a n s i t i o n  between Jr, and t h e  boundary cond i t ions  of J r .  

v a r i a t i o n  o f  $ h a s  a s t r e t c h e d  scale i n  each of t he  two edge reg ions .  

Jre 
The r o l e  of  Jre i s  t o  permit a r ap id  

Therefore ,  a-wise 

e 

> 
For i n s t ance ,  for a al, we  have the s t r e t c h e d  coord ina te  

n i s  a p o s i t i v e  number ye t  t o  be determined. 

We have 
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S u b s t i t u t e  i n t o  Eq. (10): 

I n  the  l i m i t  , 
s i d e  t o  be of 

1 
r l = 2  

7 (*,) + a powers of G 

a5 
2 

2 a 

the r igh thand s i d e  i s  neglected and f o r  both terms on the  l e f thand  

s i m i l a r  o r d e r ,  i t  i s  requi red  t h a t  

Furthermore,  s i n c e  H and g do n o t  vary  wi th  the  s t r e t c h e d  s c a l e ,  they  can be 

r ep laced  by t h e i r  edge va lues  
a 

Thus, t he  governing d i f f e r e n t i a l  equat ion f o r  Jr nea r  5 is e 

Its  boundary condi t ions  a r e  
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. 
2 

S i m i l a r l y ,  near  Q! 

where 

c2 =$ (a2-a) 

with  the  boundary cond i t ions  

Note t h a t  a l though Eqs. (21)  and (23) do not  have p-der iva t ives ,  p-dependence of 

Jr, i s  caused by the @dependence of the c o e f f i c i e n t s  and of  the boundary Conditions.  

Jie obeys the  d i f f u s i o n  equat ion;  the  na ture  of i t s  s o l u t i o n  i s  we l l  known. 

exponen t i a l ly  s m a l l  except  i n  a narrow band border ing  each ambient edge. 

of each ambient edge is of t h e  o r d e r  l@'. 

It i s  

The width 
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BOUNDARY CONDITIONS FOR THE ASYMPTOTIC SOLUTION 

I Integrate Eq. (11) with respect t o  a once: 

0 

The f i r s t  term can be s l i g h t l y  rewritten: 

cc 

Substitute Eq. (28) into Eq. (27)’  multiply by g /g 

once more and rearrange: 

integrate with respect t o  a 
l a B’ 

! 
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Because a l l  in tegrands  on the  r ighthand s i d e  of Eq. (29) are bounded, t he  e n t i r e  

r igh thand s i d e  of E q .  (29) must be some w e l l  behaved func t ion  of 0: and B; t h a t  i s  

237 

' 0  

a1 
h a  More s p e c i f i c a l l y ,  - i s  bounded.' Therefore ,  

+ 
where 0: 

because of the na tu re  of t he  edge co r rec t ion ,  w e  a l s o  have 

denotes  a l o c a t i o n  j u s t  i n t e r n a l  of t he  edge reg ion  near  5 .  But, 1 

2n 

Therefore ,  



Neglec t ing  O{ &} and 0 (exp(-$)}, and not ing  t h a t  i t  i s  no longer  

necessa ry  t o  d i s t i n g u i s h  5' from 0 1' - we have 

2 I d T  H 3 ( 4 , P , T )  

Jlm<+P) = 
2x 3 3 , B )  

S i m i l a r l y ,  it can be der ived ,  
L 

( 3 3  1 

Equat ions ( 3 3 )  and ( 3 4 )  are the  des i r ed  boundary cond i t ions  f o r  the  asymptot ic  

s o l u t i o n .  Now, formulat ion of t h e  asymptotic a n a l y s i s  i s  complete. Comparing 

Eqs. (10) and (12), it i s  seen t h a t  the governing d i f f e r e n t i a l  equat ion  f o r  Jlco i s  

q u a s i - l i n e a r  and i s  formally i d e n t i c a l  t o  t h a t  f o r  a non-time-dependent s e l f -  

a c t i n g  gas  bear ing.  

v e l o c i t y ,  Ua and U ; and prescr ibed  squeeze motion, H ( a , p , ~ ) ;  t he  s o l u t i o n  can B 
be found by methods a l r e a d y  developed f o r  s e l f - a c t i n g  gas' beaf iqgs .  

For given bear ing  su r face  geometry, g, and gP; s l i d i n g  



- 14- 

E 

7 

a 

COMPUTATION OF BEARING FORCE 

Suppose the  bear ing  gap can be expressed ds 

and i t  i s  of  i n t e r e s t  t o  c a l c u l a t e  the temporal average of  t h e  component of  the  

squeeze-f i lm bear ing  r e a c t i o n  i n  a given d i r e c t i o n .  

of  a normal v e c t o r  of  t h e  bear ing  su r face  from the  g iven  d i r e c t i o n  be @(a,p) ,  
t hen  the  d e s i r e d  average fo rce  i s  

L e t  the angle  of i n c l i n a t i o n  

Because the  s o l u t i o n  of $ h a s  been divided i n t o  t h r e e  r eg ions ,  t h e  fo rce  can be 

accord ingly  so div ided .  That i s  

m 
f 



J H + H1 COST 
0 

I 

H -. H1 
T tan - 2 tan -1 J- H +'H1 

- 2k 
2' - 

lwU-$) 

7 = 2n 
- 2n 

7 = 0  

Therefore, 

Due to the edge correction near 9y we a l s o  have 

where €I1 = e(g,p) .  

- 15- I 

I 

i 
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- 
1 Simi lar ly ,  due to the edge correction near Q! we have 

2’ 
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SUMMARY AND CONCLUSIONS 

The h igh  frequency gaseous squeeze-film bear ing  can be analyzed by cons ider ing  

the  i n t e r n a l  reg ion  and edge reg ions  sepa ra t e ly .  

The i n t e r n a l  reg ion  obeys the  asymptotic equa t ion  which i s  formally s i m i l a r  t o  

t he  equat ion  f o r  t he  time- independent s e l f - a c t i n g  gas  bear ing;  consequent ly ,  i t s  

s o l u t i o n  can be obta ined  by any of many methods a l r eady  developed f o r  the  l a t t e r  

problem. 

I n  an  edge reg ion ,  the  governing equat ion i s  a form of  t h e  d i f f u s i o n  equat ion  

wi th  r e l a t i v e l y  simple c o e f f i c i e n t s .  

So f a r  as the temporal average of t h e  bear ing  force  i s  concerned, t h e  c o n t r i b u t i o n  

of  t he  edge reg ion  re la t ive t o  t h a t  of t h e  i n t e r n a l  reg ion  is 0(1/7/;;5, where 0 

i s  a dimensionless  frequency. I n  t y p i c a l  s i t u a t i o n s ,  u i s  o f t e n  i n  excess  of 

lo’, so t h d t  the e f f e c t s  i n  the  edge reg ion(s )  can be neg lec t ed .  



-18- 

REFERENCES 

1. E .  0. J .  Salbu,  ' h m p r e s s i b l e  Squeeze-Film and Squeeze Bearings", Trans.  ASME, 

Journa l  of Basic EnTineering, Vol. 86, S e r i e s  D . ,  No. 2, June 1964, pgs. 355- 

364. 

2 .  S.  B. Malanoski and C. H. T .  Pan, Discussion on E. 0. J. Sa lbu ' s  Paper, "Com- 

p r e s s i b l e  Squeeze Film and Squeeze Bearings", Trans.  ASME, Journa l  of Basic 

Engineer ing,  Vol. 86, S e r i e s  D . ,  No. 2 ,  June 1964, pgs. 364-366. 

3 .  C .  H. T. Pan, e t  a l ,  "Analysis, Design and Prototype Development of Squeeze- 

Fi lm Bearings for AB-5 Gyro - Phase I F i n a l  Report ,  Bearing Analysis  and 

Pre l iminary  Design Studies" ,  MTI Technical Report No. 64TR66, November 1964. 

4. C .  H. T. Pan, '%as-Lubricated Spher ica l  Bearings", Trans.  ASME, Journa l  of  

Basic Engineer ing,  Vol. 8 5 ,  Ser i e s  D . ,  No. 2,  June 1963, pgs. 311-323. 

5.  S. Golds t e in ,  Modern Development i n  F lu id  Dynamics, Oxford, Vol. I, pgs. 101-1W. 


